Recollision for a laser driven atomic system is investigated in the relativistic regime via a strong field quantum description and Monte Carlo semiclassical approach. We find the relativistic recollision energy cutoff is independent of the ponderomotive potential U p , in contrast to the well-known 3.2U p scaling. The relativistic recollision energy cutoff is determined by the ionization potential of the atomic system and achievable with non-negligible recollision flux before entering a "rescattering free" interaction. The ultimate energy cutoff is limited by the available intensities of short wavelength lasers and cannot exceed a few thousand Hartree, setting a boundary for recollision based attosecond physics. DOI: 10.1103/PhysRevLett.118.093001 Rescattering [1, 2] between a photoelectron and parent ion is an essential physical process underpinning twenty years of advances in coherent x-ray radiation generation [3, 4] , insight into multielectron dynamics [5, 6] , and the launch of attosecond science [7, 8] . The highest energy for a laser driven rescattering collision between a photoelectron and the ionizing parent ion is described by a "3.2U p " rule [9] , where U p ¼ e 2 E 2 0 =ð4mω 2 Þ is the kinetic quiver energy, or ponderomotive energy, of a free electron charge -e mass m in an oscillating electric field amplitude E 0 frequency ω. Elastic scattering of the photoelectron when it "reencounters" the parent ion at this energy is responsible for the high energy plateau in the above-threshold ionization (ATI) [10] and has been used to image electron wave functions of molecules [11, 12] . Inelastic scattering, including multielectron nonsequential (e, ne) ionization (NSI) [13] , is a mechanism to further excite the parent ion and can photoinitiate inner-shell excitation (ISE) processes [14] . Recombination with the parent ion during recollision gives rise to coherent high-order harmonic generation (HHG) and can produce soft x-ray, attosecond radiation [15] . As the strong field science frontier expands to higher intensities, relativistic effects enter into play. For atomic systems, a Lorentz deflection parameter [16] was proposed as a way to gauge their impact,
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where a 0 ¼ eE 0 =ðmcωÞ is the Lorentz invariant field parameter [17] . For Γ R > 1 the Lorentz force due to the laser magnetic field can deflect the photoelectron position by more than the electron wave packet extent in space at the recollision moment, significantly reducing the recollision probability and related phenomena [18] [19] [20] [21] [22] [23] [24] . The attenuation is especially large at higher recollision energies, which effectively constrains the HHG cutoff in the relativistic regime [23] [24] [25] [26] . Changes to HHG in the relativistic regime have been recognized theoretically for more than ten years; shaped or counterpropagating laser pulses and additional fields have been proposed to counteract this Lorentz drift and realize HHG in the relativistic domain [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . For ultrahigh intensities (Γ R ≫ 1), the Lorentz deflection is very large and there is no observed interaction between the photoelectron and parent ion [39, 40] . What has remained elusive is a general quantitative description for the relativistic rescattering cutoff and yield at the limits of rescattering. For example, how the recollision energy and the recollision flux scale with laser or atomic parameters at large Γ R and what ultimate recollision energy is achievable. The answers to these questions are vital to set the boundary for attosecond physics based on the recollision concept. In particular, for the generation of hard x-ray attosecond radiation [41] and laser induced electron diffraction imaging used to investigate dynamics with sub-angstrom, attosecond precision [42, 43] .
In this Letter we investigate the rescattering process in the relativistic regime and describe quantitatively its limits in terms of recollision flux and recollision energy. The recollision photoelectron flux is calculated quantum mechanically using the relativistic Coulomb-corrected strong field approximation (RCCSFA) and semiclassically with a Monte Carlo trajectory ensemble (SCMC) method. For a broad range of species in different laser fields, we find the rescattering flux can be non-negligible in the relativistic regime, Γ R > 1, yielding recollision cutoff energies with a scaling different from the well-known 3.2U p rule. The scaling laws for the ultimate energy cutoff and corresponding flux are derived via intuitive estimations. We show the ultimate energy cutoff at Γ R ≫ 1 is practically limited by the available intensities of the short wavelength lasers and cannot exceed a few thousand Hartree.
We begin by discussing the rescattering photoelectron before ensuing elastic, inelastic, and recombination processes. We study intensities from 3 ZÞ is the classical over-barrier-ionization (OBI) field [44] . The tunneling regime of ionization is considered since ℏω ≪ I p and the Keldysh adiabaticity γ ¼ ω ffiffiffiffiffiffiffiffiffiffi ffi 2mI p p =ðeE 0 Þ is much less than one [45] . The calculated tunneling ionization probability per laser cycle W 0 is kept below 50%. Depletion of the tunneling ion ground state in the rising edge of the laser pulse is not substantial; the results are comparable to experiments near saturation with few cycle pulses. Changing to other atomic species does not alter our findings.
Once in the continuum a tunneling photoelectron current density j is used to describe the electron, including the rescattering portion j R that revisits the parent ion. The rate for a rescattering process ðdw R =dtÞ can be estimated via the photoelectron rescattering current density and the cross section of the process (σ R ): dw R =dt ¼ σ R j R . A more relevant physical quantity in rescattering is the probability per unit energy during one laser cycle dw R =dε ¼ σ R ½dF R =dε, which is determined by the flux per unit energy
In our quantum mechanical treatment the rescattering flux is calculated via RCCSFA based on the Dirac equation [46] [47] [48] . The wave function of the electron ionized from a hydrogenlike atomic bound state jϕ 0 i in a strong laser field EðηÞ ¼ −A 0 ðηÞ, with the vector-potential AðηÞ ¼ ðE 0 =ωÞ sinðηÞx, and the laser phase η ¼ ωðt − z=cÞ, is given by [48] ψðr; ηÞ ¼ −
where jqðηÞi is the relativistic momentum state of the photoelectron before recollision,
is the Coulomb correction factor, Sðq; η; η 0 Þ ¼ R η η 0 dη 00 ½ε q ðη 00 Þ − mc 2 þ I p =ω, with the electron energy and momentum in the laser field ϵ q ðηÞ ¼ ϵ q þ cTðη; qÞ, qðηÞ ¼ q þ eAðηÞ þẑTðη; qÞ, respectively, ϵ q ¼ c ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi m 2 c 2 þq 2 p , Tðη;qÞ ¼c½eq·AðηÞþe 2 AðηÞ 2 =2=Λ, and Λ ¼ ϵ q ðηÞ − cq z ðηÞ is the integral of motion in the plane laser field; unit vectorsx,ŷ, andẑ point in the laser electric, magnetic field, and propagation directions, respectively.
The quantum wave function allows us to obtain the rescattering probability current density at the atomic core, by inserting the r ¼ 0 condition into the current density
3 ] and calculating the differential flux from Eq. (2). The fourdimensional integral for j R ð0; η R Þ is solved with the saddle point method, which also yields for each recollision η R an initial "birth" phase η B (Fig. 1) . The RCCSFA accounts for the Coulomb field effects in the tunneling step of ionization, yielding a tunneling rate that coincides with the relativistic extension of the Perelomov-Popov-Terent'ev (PPT) theory [49] [50] [51] [52] . For our purposes and to a high degree of accuracy, PPT is the same as the nonrelativistic Ammosov, Delone, and Krainov (ADK) tunneling rate [53] shown to describe ionization up to intensities of 10 19 W=cm 2 [54] . Our semiclassical SCMC calculation follows the quantum calculation. Briefly, for each time in the optical cycle, the ADK ionization rate is used to quantify the initial current density jðr; η B Þ at the tunneling barrier, which is then represented by an ensemble of trajectories given an initial spatial width (and corresponding momentum uncertainty) perpendicular to the electric field. The ensemble current density propagates relativistically in the fields of the laser and the atomic core, providing the SCMC j R ð0; η R Þ recollision flux and dF R =dε [55] . We note that in both quantum and semiclassical treatments, contributions from multiple returns are not considered.
In Fig. 2 the differential rescattering flux normalized to W 0 , (i.e., dF R =dε ≡ ð1=W 0 ÞðdF R =dεÞ), is shown for argon 
093001-2 HCI. Nonrelativistic rescattering flux (Γ R ≲ 1) shows the well-known characteristic plateau extending up to 3.2U p , where the flux peaks and then drops to zero [1] . As rescattering moves into the relativistic domain (Γ R ≳ 1), a change occurs in the form of the flux distribution from a plateau to a "looping bow". The peak of the loop is the maximum return energy, approximately 3.2U p , and the two ends of the bow are the energetically degenerate collisions in the field commonly described as long and short trajectories. As Γ R increases, the normally dominant long trajectory contribution to dF R =dε is suppressed by the extended time in the Lorentz force.
Proceeding to the ultrarelativistic recollision regime (Γ R ∼ 100) long trajectories are deflected by many times the spatial width of j R ð0; η R Þ. Only a diminishing dF R =dε "peak" remains from a narrow range of short trajectories able to return to the parent ion (similar features are shown in HHG spectra [23] [24] [25] ). A characteristic feature of relativistic recollision is, regardless of increasing Γ R or U p , the ultimate cutoff energy does not change. The recollision flux has been calculated for a broad range of wavelengths and HCIs [56] . Our conclusion and the extreme limits of possible strong field interactions (far ultraviolet, optical, far infrared) are presented in Figs. 2(b) and 2(c) . We see in Fig. 2(b) that, while decreasing with the growth of Γ R , the flux is not negligible at large Γ R . In Figs. 2(a) and 2(c) we show the cutoff energy scaling begins to deviate from the 3.2U p rule beyond ponderomotive energies of a few hundred Hartree (Γ R > 1), with the cutoff ε cutoff saturating and reaching an ultimate limit of a few thousand Hartree even as U p exceeds 10 4 Hartree (Γ R > 100).
In Fig. 1 we can inspect the ionization probability current j corresponding to a peak rescattering energy. Two species are shown in juxtaposition: Ar 4þ at 4.6 × 10 15 W=cm 2 , 2400 nm, and Ar 9þ at 1.6 × 10 18 W=cm 2 , 200 nm. On first inspection these two cases seem very different by laser intensity, wavelength, and ionization potentials. Figure 1 follows the ionization current j from birth (η B ) at the parent ion (origin) to recollision (η R ). Initially, jð0; η B Þ is highly localized at the parent ion with an initial spatial width χ i of the order of the Bohr radius, χ i ∼ r Bohr . After moving only a few percent of the single cycle displacement from the parent ion [black outline at x ¼ −44 r Bohr and −5 r Bohr in Figs. 1(b) and 1(c), respectively], the spatial width of j is overwhelmed by spreading from momentum uncertainty. The continuum electron for Ar 4þ extends 1200 Bohr in x and is deflected by >100 Bohr in z, while Ar 9þ extends to 100 Bohr and is deflected by ∼25 Bohr. Nevertheless, near the recollision point there is a clearly observable consistency in the deflection with respect to the electron wave packet size.
To better understand rescattering, we estimate the rescattering current density using the rescattering velocity v R , the electron wave packet spatial extent at recollision alongx,ŷ,ẑ directions (χ x;y;z ), and the Lorentz deflection parameter Γ R :
where the exponential factor stems from the fact rescattering in the relativistic regime is attained by the electron tunneled out from the atom with an initial momentum compensating the drift momentum in the laser propagation direction p z ∼ −U p =c, the probability of the latter being exp ð−p
1=2 =ð2I p =mÞ 1=4 [57] . We tested our estimation in the nonrelativistic regime [56] and focus our discussion here on dynamics in the relativistic regime Γ R ≫ 1. As the Lorentz force increases, photoionization must be 19 W=cm 2 (Γ R ¼ 20 000, square). In (a) the change from traditional rescattering (blue) to the relativistic cutoff region (orange) is highlighted in the background and a shadow line gives the typical highest possible dF R =dε at optical frequencies. For clarity, long and short contributions to dF R =dε are summed in the nonrelativistic limit Γ R < 1. For RCCSFA with argon HCI [56] , dF R =dε at cutoff as a function of U p is shown in (b) and the relationship between U p and the recollision cutoff energy is given (c) for laser wavelengths 80 nm (blue), 800 nm (red), and 8000 nm (black) with shading to aid the eye.
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In this cutoff region we estimate the laser phase η B for the most probable ionization of the short rescattering trajectories, using the scaling of the tunneling ionization probability:
, where the rescattering from fields near zero crossing rather than the peak field is incorporated by replacing E 0 with Eðη B Þ in the Γ R expression of Eq. (1) 
Thus, the well-known 3.2 U p rule for the recollision cutoff energy is replaced in the relativistic regime Γ R ≫ 1 by Eq. (5), which indicates a cutoff for the corresponding peak of the bell-shaped flux distribution that tends to the constant value in the relativistic domain, see Fig. 2 (c) [56] . A reasonable prediction for the relativistic rescattering flux at Γ R ≫ 1 [ Fig. 2(b) ] can be obtained in the cutoff region from Eq. (4), with η B ¼ η cutoff , and the electron wave packet extensions χ x ∼ λa 0 , χ y ∼ λa 2 0 , and χ z ¼ Δp z =ðmωÞ:
The region of the non-negligible flux (up to Γ R ∼ 100 [56] ) can be estimated from the exponential factor of Eq. (6):
To extend the relativistic cutoff a large I p is required, which calls for a large laser intensity as well as a short laser wavelength. For instance with infrared lasers (λ ¼ 800 nm, I ∼ 10 17 W=cm 2 ) one can achieve an ultimate recollision energy of ε R ∼ 1000 Hartree, while with ultraviolet lasers (λ ¼ 200 nm, I ∼ 10 19 W=cm 2 ) ε R ∼ 2000 Hartree. Considering the laser field as an "optical scale" laser accelerator, the ultimate cutoff represents the acceleration energy where the electron from an atom (atomic radius r a ∼ ℏ= ffiffiffiffiffiffiffiffiffiffi ffi 2I p m p ) will be deflected by its width and miss the parent ion at rescattering. Returning to the Lorentz deflection parameter expressed as Γ R ≈ U 2 p χ 2 i =ðℏ 2 c 2 Þ and setting Γ R ¼ 1, one can see for any system with an initial extent χ i ¼ r a an electron accelerated in a radiation field will have an ultimate cutoff of U p ¼ c ffiffiffiffiffiffiffiffiffiffi ffi 2I p m p , i.e., a 3.2 U p rescattering energy limit of 10 3 Hartree. The significance of an ultimate cutoff is clear as rescattering is the mechanism for high energy ATI, NSI, HHG, and ISE. We briefly here show the impact on ATI.
The angle resolved differential ATI rate is calculated quantum mechanically using RCCSFA:
where pðηÞ, qðηÞ are the relativistic kinetic momenta after the recollision and during excursion, respectively, and VðrÞ is the Coulomb-potential of the atomic core [58] . The findings presented here are not changed for SCMC calculations with more accurate potentials using numerical Dirac-Fock electron densities [59] . The energy resolved ionization is evaluated by integrating the outgoing photoelectron over an effective solid angle of ΔΩ ¼ π=8. In Fig. 3 , high-order ATI as a function of the laser intensity and wavelength is shown plotted for electrons with a final energy (at the detector) of 9.5U p AE U p =2. We see the probability of elastic scattering with recollision energies beyond the ultimate cutoff of ∼1000 a.u. is precipitously suppressed with the drop in ATI after one crosses the Γ R ¼ 1 threshold. For the same recollision energy the probability of elastic scattering is larger when using short wavelength lasers, consistent with a λ −4=3 scaling that can be obtained from Eq. (4). Elastic scattering with a recollision energy of 30 Hartree (U p ¼ 10) can be achieved with λ ¼ 1700 nm (at 10 15 W=cm 2 ) as well as with λ ¼ 200 nm (at 4 × 10 16 W=cm 2 ); however, in the shorter wavelength case the ATI rate is larger by 4 orders of magnitude.
Our calculations so far have involved single electron dynamics. Clearly, as rescattering energies increase many electrons are excited [60, 61] . For a recollision of several hundred Hartree, the new possibility of exciting all bound PRL 118, 093001 (2017) P H Y S I C A L R E V I E W L E T T E R S week ending 3 MARCH 2017 093001-4 states in high Z atoms becomes possible. Further clarification of multielectron physics [62] will be required to better understand such highly excited species. We have extended our analysis to consider ionization at any phase η B , rather than limited by tunneling. These results indicate that electrons ionized at any time during the laser cycle, e.g., by inner shell thermalization, will still be limited by the ultimate cutoff.
In conclusion, we have calculated the ultimate limit of rescattering in laser fields. The presented relativistic quantum and semiclassical calculations show for a broad range of species in different laser fields that rescattering continues to be important in the relativistic regime (Γ R ≥ 1) and has an ultimate energy cutoff for Γ R ≫ 1. Scaling laws for the ultimate energy cutoff and flux are derived. The cutoff energy changes from a strong field 3.2U p rule to a relativistic limit of ε cutoff ≈ 1.5
, beyond which the recollision process in a given species will cease to contribute to ATI, HHG, and ISE. We show the ultimate energy cutoff and highest rescattering flux is best realized by intense, short wavelength lasers and cannot exceed a few thousand Hartree, indicating hard x rays via recollision induced HHG [37, 63] can be extended to photon energies of 60 keV. 
